Abstract. In this article, we study subword complexity of colorings of regular trees. We characterize colorings of bounded subword complexity and study Sturmian colorings, which are colorings of minimal unbounded subword complexity.
Introduction
Let T be a regular tree, i.e. a tree whose degree of vertex is constant, V T be its vertex set and G = Aut(T ) be the group of all automorphisms of T . Let A be a countable set which will be called the alphabet.
By a coloring of the tree T , we mean a vertex coloring, i.e. any map φ : V T → A.
In this article, we define an invariant of a coloring φ called subword complexity.
One of our motivations for studying subword complexity is to give an invariant of an automorphism of a tree, relative to a discrete subgroup of G. For example, let Γ be the group generated by k generators a i , i = 1, · · · , k with relations a 2 i = 1, and T be its Cayley graph. To any element g of G is associated a coloring φ g (see Example 1) . The coloring φ g is periodic if and only if g is an element of the commensurator of Γ [7] . Commensurators play an important role in studying discrete subgroups of Lie groups and automorphism groups of trees ( [12] , [7] , [16] , [14] , [1] ). See Section 2.1 for details.
With this motivation in mind, we consider unrooted trees, rather than rooted binary trees which were studied in computer science ( [4] , [5] , [9] ). Theory of subword complexity and Sturmian colorings developed in this article is quite different from
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that for rooted binary trees [4] . It seems that there is no direct relation between them.
Unrooted regular trees and their automorphism groups are important objects in geometric group theory in many aspects, as they are Cayley graphs of finitely generated groups and also 1-dimensional buildings, which is a non-archimedean analogue of rank-1 Riemannian symmetric spaces.
For an infinite sequence u, the subword complexity p u (n) is defined as the number of different subwords of length n in u. Hedlund and Morse showed that p u (n) is bounded if and only if u is eventually periodic [10] . A sequence u is called Sturmian if p u (n) = n + 1. (See for example [11] and [8] for details on Sturmian words.)
We define subword complexity b φ (n) of a coloring φ as the number of nonequivalent colored n-balls in the tree colored by φ. We show that φ is periodic if and only if its subword complexity b φ (n) is bounded. We study Sturmian colorings using the type sets of vertices.
The main result of this article is that any Sturmian coloring is a lifting of a coloring of a graph X, which is an infinite geodesic or a geodesic ray with loops possibly attached. We further give a complete characterization of X for eventually periodic Sturmian colorings:
Theorem. Let φ be a Sturmian coloring of a regular tree T .
(1) There exists a group Γ acting on T such that φ is Γ-invariant, so that φ is a lifting of a coloring φ X on the quotient graph X = Γ\T . The quotient graph X = G\T is one of the following two types of graphs. Here, loops are expressed by dotted lines to indicate that they may exist or not.
•
If φ is of bounded type, then it falls into the first case above, i.e. φ is a lifting of a coloring of a geodesic ray with loops possibly attached. It still remains to characterize the colorings φ X on the quotient graph X, which we leave for future research.
Subword complexity of colorings of trees
Let T be a k-regular tree, i.e. a connected graph without loops nor terminal vertices such that the number of edges with a given initial vertex is k. Let G be the group of automorphisms of T , which is a locally compact topological group with compact-open topology. Let us denote the set of vertices by V T and the set of oriented edges by ET . We assume that ET containsē, which is e with reversed orientation, if it contains e. We will denote by [x, y] the edge from vertex x to vertex y.
One nice property of a regular tree is that the automorphisms of the tree are abundant. An automorphism fixing a vertex x 0 is determined by its permutation action on the neighboring k vertices of x 0 , its action on the 2-sphere from x 0 which must be product of permutations on the k − 1 vertices neighboring each vertex on the 1-sphere, etc.
In particular, any graph morphism defined from one ball to another ball of same radius extends to an automorphism of T (see [3] for properties of automorphisms fixing a vertex).
2.1. subword complexity and periodic colorings. Consider the length metric d on T with edge length all equal to 1. An n-ball around x is defined by B n (x) = {y ∈ V T ∪ ET : d(x, y) ≤ n}. An n-sphere around x is defined by {y ∈ V T :
Let us fix a coloring φ : V T → A. We say that two balls B n (x) and B n (y) are equivalent if there exists a color-preserving isomorphism from B n (x) to B n (y). By abuse of terminology, we will call such an equivalence class a colored n-ball or a coloring of n-ball and denote it by [B n (x)]. Definition 1. Let B φ (n) be the set of colored n-balls that appear in T colored by φ. The subword complexity b φ (n) of φ is defined by b φ (n) = |B φ (n)|. We will denote b φ (n) by b(n) if there is no confusion. Definition 2. We say that two vertices x and y are in the same class if there exists a color-preserving tree automorphism sending x to y. Proof. Let us denote by f n a color-preserving isomorphism f n from B n (x) to B n (y).
Since T is a regular tree, each f n extends to an automorphism of T , again denoted by f n , sending x to y, although it might not preserve the color outside B n (x).
We have a sequence of tree isomorphisms f n k in the set {f ∈ G : f (x) = y}, which is weakly compact. Thus there exists a subsequence of f n k which converges weakly to an automorphism f sending x to y. This f clearly preserves the color since it preserves the color on arbitrary large balls. Thus x and y are in the same class.
Let us first examine colorings whose subword complexity b(n) is bounded.
Definition 3.
A coloring φ : V T → A is periodic if there exists a subgroup Γ ⊂ G such that Γ\T is a finite graph and φ is Γ-invariant, i.e. φ(γx) = φ(x), for all x ∈ V T and γ ∈ Γ.
Note that we do not require Γ to be a discrete subgroup of G.
Let us recall basic notions in the theory of graphs of groups which will be used throughout the paper (see [15] and [6] for details).
Let Γ be a group acting on a k-regular tree T by automorphisms. If Γ acts without torsion, then the quotient Γ\T is a k-regular graph, but in general, the quotient has a structure of a graph of groups, a graph version of orbifold quotient.
Let X be a graph, V X its vertex set and EX the set of oriented edges of X (EX contains e,ē for each unoriented edge in X).
A graph of groups (X, G • ) is a graph X equipped with a group G x for each x ∈ V X ∪ EX and an injective homomorphism j e : G e → G ∂0(e) from the edge group to the group of the initial vertex ∂ 0 (e) of the edge e, for each oriented edge e ∈ EX.
A graph of groups associated to a group Γ acting on T , which will be denoted by Γ\\T , is defined as follows. First we assume that Γ acts without inversions by taking the first barycentric subdivision of T if necessary. Take the quotient graph Γ\T as the underlying graph X. Choose a connected fundamental domain D of X in T , for which the natural projection D → X is a bijection. Let x be the lift of x in D.
an automorphism fixing an edge fixes its initial vertex and terminal vertex. Thus we take the inclusion ι e for the injective homomorphism j e . If ∂ 0 ( e) = ∂ 0 (e), then there exists an element γ ∈ Γ which sends ∂ 0 ( e) to ∂ 0 (e) (since their projections are both ∂ 0 (e) in Γ\T ). In this case, we take the inclusion composed with conjugation by γ as the injective homomorphism j e = γ • ι e • γ −1 .
Let i : EX → N be a map. We call (X, i) an edge-indexed graph of T if the universal cover of (X, i) is isomorphic to T . The universal covering tree of (X, i) is constructed as follows [2] .
Start with a vertex v 0 in X. For each edge e with initial vertex v 0 and index i(e), draw i(e) edges e j , j = 1, · · · , i(e) with initial vertex v 0 , which are liftings of the edge e. For each terminal vertex ∂ 1 (e j ) of e j , and for each edge f in X with
, which are liftings of f . Repeat this process to obtain a locally finite tree.
Thus for k-regular tree T , (X, i) is an edge-index graph of T if and only if for every vertex x, the sum of indices i(e) of edges e with initial vertex x equals k.
The edge-indexed graph of a graph of groups (X, G • ) is an edge-indexed graph whose graph is the underlying graph X and for which i(e) is the index of G e in G ∂0(e) . The universal cover of a graph of groups is isomorphic to the universal cover of its edge-indexed graph [2] .
Combining these facts, if a coloring φ is Γ-invariant, then φ is determined by a coloring on the edge-indexed graph of Γ\\T . We conclude that φ is periodic if and only if it is a lift of a coloring on an edge-indexed finite graph.
We will often express our coloring on an edge-indexed graph, of which the underlying graph is infinite unless φ is periodic.
The following proposition is an analogue of the classical theorem of Hedlund and
Morse [10] .
Theorem 1. Let φ : V T → A be a coloring. The followings are equivalent.
(1) The coloring φ is periodic.
(2) The subword complexity of φ satisfies b φ (n + 1) = b φ (n) for some n > 0.
Proof. property of a regular tree that the automorphism group is very large [3] . Let e be an edge with initial vertex x and terminal vertex v 11 . Let v 12 , · · · , v 1l1 be vertices in the same class as v 11 . Let the 1-neighborhood of x be partitioned into j sets
Thus we conclude that the edge-indexed graph of Γ\\T is isomorphic to (X, i), and φ is Γ-invariant. Thus φ is periodic.
and T its Cayley graph. Then to any element g of Aut(T ) is associated a vertex coloring of T as follows.
For every vertex t in T , there exists a unique element γ t of Γ sending the identity to t. Then the element γ
• g • γ t sends the identity element back to itself, thus it is a stabilizer of the identity. Let φ g (t) be the map γ
• g • γ t restricted to the 1-sphere of the identity. We obtain an element of S k , where S k is the symmetric group on the set of vertices of 1-sphere of identity. Therefore, we may consider
Lubotzky, Mozes and Zimmer showed that φ g is a periodic coloring if and only if g is an element of the commensurator group of Γ [7] .
More generally, if T is a locally finite tree, G = Aut(T ) is its automorphism group, and Γ is a cocompact discrete subgroup of G, then to any automorphism is associated a coloring φ g : T → Y = Γ\T , which is a covering map. An automorphism g is in the commensurator group of Γ if and only if its associated coloring φ g is periodic [1] .
Corollary 2. With T and Γ as in Example 1, an automorphism g of T is contained in the commensurator subgroup of Γ if and only if its subword complexity b φg (n) is bounded.
2.2.
Type set of vertices, colorings of bounded type and eventually periodic colorings. For the rest of this article, we will study colorings of unbounded subword complexity. For such colorings, special balls play an important role. Before defining special balls, let us provide a basic lemma about graph isomorphisms of balls and branches of a regular tree. Let x i , y i , i = 1, · · · k be the neighboring vertices of x, y, respectively. Let Br n (x, x i ) be the n-branch from x to x i which is defined as the subtree of B n (x) with vertex set {x} ∪ {y ∈ B n (x) | d(y, x i ) < d(y, x)} and the edge set given by the set of all edges with initial and terminal vertices in the vertex set, so that
If f is an isomorphism from B n (x) to B n (y), then f (x) = f (y) and f (Br n (x, x i )) = Br n (y, y σ(i) ) for all i for some permutation σ on k letters. Thus we obtain the following lemma.
Lemma 2. Let us denote the equivalence class up to color-preserving graph iso-
as we did for balls.
(
] for all i = 1, · · · k and for some permutation 
Consequently, any special n-ball contains a special l-ball, ∀l < n.
Proof. Let f be a color-preserving isomorphism from B n (x) to B n (y). Let y i be the image of
This complete the proof for m = 1.
Inductively, let (x i ) j be the vertices neighboring x i and let (
Note that Br n−1 ((
We repeat this procedure until m = n.
Definition 5. The type set Λ x of a vertex x ∈ V T is the set of nonnegative integers n for which [B n (x)] is special.
A vertex x is said to be of bounded type if Λ(x) is a finite set. For a vertex x of bounded type, let us denote by τ (x) the maximum of elements in Λ(x) and call it the maximal type of x. If Λ(x) is empty, set τ (x) = −1.
We will often use the following lemma. In fact, if a vertex is of bounded type, then every vertex is of bounded type by the following lemma.
Lemma 5. If a coloring φ on T is of bounded type, then every vertex of T is of bounded type.
Proof. Let x be a vertex of bounded type. It suffice to show that if x ′ is a vertex of distance 1 from x, then x ′ is also of bounded type.
Let τ (x) = m. Let x i , i = 1, . . . , k be the neighboring vertices of x. If x i and x j are not in the same class, by Lemma 1, there is an integer n such that
Let n ij be the minimum of such n's if it exists. Denote by N the maximum of m + 1 and n ij 's (for i, j such that x i , x j are not in the same class).
We claim that the elements of the type set of every x i are bounded by N . Indeed, suppose that for some l > N and some vertex z,
, say by a color-
Since τ (x) = m, x and f (x) are in the same class by Lemma 4. Let g be a color-
which implies that g(z) = x j for some j, i.e. z and x j are in the same class.
and x j are not in the same class, then since
is a contradiction. Thus, x i and x j are in the same class. Since x j and z are in the same class, it follows that x i and z are in the same class. By Lemma 4, we have For the rest of this section, let us study eventually periodic colorings, before we study Sturmian colorings in the next section.
Let us fix a coloring φ. Let K be a finite subset of T . A coloring on a subtree U has a periodic extension if there exists a periodic coloringφ on T such thatφ| U = φ.
Definition 7.
A coloring φ : V T → A is called eventually periodic if there exists a subtree K of finite number of vertices such that T − K = T i is a finite union of subtrees T i such that φ on each T i has a periodic extension φ i .
One may assume K to be a finite ball by taking a ball containing a subtree K.
A periodic coloring is clearly eventually periodic. The minimality condition implies thatK =K ∩ K ′ , which impliesK = K ′ .
Hence, the coloring ofK appears in T exactly once. Let us denote by f : half-edge in T . This edge will be drawn as a half-edge in the quotient graph, with one white vertex and one black vertex. We will call it a loop since it is an edge whose initial vertex is its terminal vertex.
The black vertices in the next figure are the vertices of T , whereas the white vertex at the left end of the ray is a vertex in T ′ − T , which was added during the barycentric subdivision. We will omit other white vertices if the indices of edges around it are all 1.
Let us give an example of non-eventually periodic coloring of bounded type. We will study such colorings with minimal subword complexity in Section 3.1.
Example 2. (A non-eventually periodic coloring of bounded type)
Consider a coloring of an edge-indexed graph given as follows: 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 Since the vertex colored by b has the empty set as its type, it is of bounded type.
The universal covering tree T has all vertices colored by a except one geodesic p which is colored by b's. 
minimal subword complexity and Sturmian colorings
In this section, we study Sturmian colorings, i.e. colorings of minimal unbounded subword complexity. We show the main theorem stated in the introduction.
Sturmian colorings are the colorings with smallest subword complexity among all non-periodic colorings: since b φ (0) = 2, the strictly increasing condition b φ (n+1) > b φ (n) implies that b φ (n) ≥ n + 2. Note also that from b φ (0) = 2, the coloring φ is on two letters.
Since b(n + 1) = b(n) + 1, there is exactly one coloring of k-ball with two possible extensions to colorings of (k + 1)-balls. Therefore, for each n ≥ 0, there exists a unique special n-ball. Example 3. Consider the coloring of edge-indexed graph X: 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 To show that this example is Sturmian, we only need to show that for n ≥ 1, Here are more examples of Sturmian colorings which are liftings of one-sided periodic colorings on an infinite quotient ray of T . 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 The following example indicates that the coloring on the quotient graph X can be quite arbitrary.
Example 4. Let X be the following infinite edge-indexed colored graph: Proof. It was proved in Lemma 7 that an eventually periodic coloring has a finite colored subtree appearing exactly once. Let us prove the other direction.
Let B n (x) be a ball containing a finite subtree whose coloring appears only once. Let 
Define a coloring φ j on X j to be φ j ([B m (w)]) = φ(w). Then there is a graph
Note that π j is surjective since T j contains arbitrarily large balls. Since T is a tree, by extending locally, one may extend π i to a covering π j : T → (X j , i).
Lift the coloring on (X j , i) to T , which is clearly an extension of φ Tj .
We remark that X in the proof above is in fact connected.
Lemma 9. If a Sturmian coloring φ is eventually periodic, then there are finitely many vertices of any given class.
Proof. By Proposition 4, a class of vertices is determined by the maximal type.
Let B n (x) be a ball containing the finite subtree appearing only once given by Proposition 6. Then [B n (x)] appears only finitely many times. Let τ (x) = m.
Hence,
Thus there are finitely many vertices of maximal type m. Since
by Lemma 8, {y ∈ V T : τ (y) = m ± 1} is finite. Repeat this process.
Theorem 7.
A Sturmian coloring φ is eventually periodic if and only if the quotient graph X of T in Theorem 5 is one of the following graphs.
• • 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 Remark 2. Bi-infinite Sturmian words are defined as non-eventually periodic words with subword complexity p(n) = n+1. Note that bi-infinite words with p(n) = n+1 do not necessarily correspond to colorings of 2-regular tree with b(n) = n + 2. Since the type sets of x, x 1 , x 2 , x 3 intersected with N ≥M are mutually disjoint, at least one of x 1 , x 2 , x 3 has a type set disjoint from {ℓ − 1, ℓ, ℓ + 1}. Denote by x i such a vertex, thus {ℓ − 1, ℓ, ℓ + 1} ∩ Λ xi = ∅. 
Let g : B p (x i ) → B p (y i ) be a color-preserving isomorphism and
, which implies that x and x ′ are not in the same class, but their type sets have an intersection containing ℓ > M , contradicting the choice of M .
It follows that in the graph X = T / ∼, a given vertex has at most two neighboring vertices except itself. If there are more than one vertices with only one neighbor, then the graph X is finite, which contradicts the fact that b φ (n) is not bounded.
Therefore, we obtain the following theorem.
Theorem 8. If φ is a Sturmian coloring of unbounded type, then there exists a proper quotient infinite graph X and a coloring φ X on X such that
where π is the projection from the regular tree T to X. Moreover, we have
Example 6 (Sturmian colorings with a periodic edge configuration). By a given Sturmian coloring on a 2-regular tree Y , we have the following Sturmian coloring of unbounded type on k-regular tree.
Let X be the following infinite edge-indexed colored graph: define a coloring φ X on X by φ X (i) = φ 0 (i). Let φ be the coloring on T given by φ X • π, where π : V T → V X is the projection discussed in Section 3. We claim that b φ0 (n) = b φ (n) so that if φ 0 is Sturmian, then so is φ. The following edge-indexed colored graph is an example of Sturmian coloring, whose coloring on the quotient ray is periodic but whose edge index is Sturmian.
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Example 7. Let φ 0 be a Sturmian coloring with colors {c, d} on Y , which is associated to a bi-infinite Sturmian sequence. Then we can construct a linear graph with loops X as follows:
• a are not admissible. We can construct a linear graph with loops X as follows: 
